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Abstract: Differential axial deformation between column elements and shear wall elements of cores increase with building height and 
geometric complexity. Adverse effects due to the differential axial deformation reduce building performance and life time serviceability. 
Quantifying axial deformations using ambient measurements from vibrating wire, external mechanical and electronic strain gauges in order 
to acquire adequate provisions to mitigate the adverse effects is well established method.  However, these gauges require installing in or on 
elements to acquire continuous measurements and hence use of these gauges is uneconomical and inconvenient. This motivates to develop 
a method to quantify the axial deformations. This paper proposes an innovative method based on modal parameters to quantify axial 
deformations of shear wall elements in cores of buildings.  Capabilities of the method are presented though an illustrative example. 
Key words: Axial Deformation. Shear Wall Elements in Cores, Modal Parameters, Dynamic Stiffness Matrix, Finite Element Technique. 
1 INTRODUCTION 
Many geometrically complex high-rise buildings are proposed to 
be constructed worldwide. For instance, Trump International Hotel 
and Tower proposed for Dubai depicted in Fig. 01. These proposed 
buildings comprise column elements to carry gravity load and 
shear wall elements in cores to carry gravity and lateral loads. 
Differential axial deformation among these elements exists due to 
the stress differential and enhances with building height and 
geometrical complexity. Adverse effects such as tilting floor plates, 
distortion of facades, claddings and other services, can be 
identified as a result of the differential axial deformation.  
Vibrating wire, external mechanical and electronic strain gauges 
are used to measure axial deformation in order to take provisions to 
mitigate adverse effects of differential axial deformation. These 
gauges require deploying in or on the elements during their 
construction to acquire continuous measurements. Use of these 
gauges including gauge protection and data acquisition thus 
involves more labour and hence is uneconomical and inconvenient 
(Carreira & Poulos, 2007). This motivates to develop a method to 
quantify axial deformations using ambient measurements. This 
paper proposes a method based on modal parameters to quantify 
axial deformations of shear wall elements in cores of buildings. 
Assessing heath and performance of buildings using measured 
modal parameters is increasingly popular since these parameters 
can be measured and acquired accurately and conveniently 
(Brownjohn, Pan, & Deng, 2009; Ellis & Ji 1996). 
 
 
 
 
 
 
 
 
 
 
FIGURE 01: Trump international hotel and tower proposed for Dubai 
(Dubai Future Projects, 2009) 
2 METHODOLOGY 
The proposed methodology in this paper associates with a 
combination of the dynamic stiffness matrix and Modal Flexibility 
(MF). Section 2.1 demonstrates development of the dynamic 
stiffness matrix while Section 2.2 presents more information on 
MF. 
2.1 Dynamic Stiffness Matrix 
Dynamic stiffness matrix of a plate element subjected to axial (or 
in-plane) compressive load shown in Fig. 02 can be formed as 
follows in order to examine the impact of axial compressive load 
on the modal parameters. 
 
 
 
 
 
 
 
 
 
FIGURE 02: The plate element with forces - plan view 
In Fig. 02, where, 
Nx, Ny, Nxy and Nyx-- in plane forces, x and y- distances 
considered based on the axis system and p-pressure load applied in 
Z direction. 
The governing differential equation of the plate shown in Fig. 02 
can be written as follows (Ventsel & Krauthammer, 2001): 
 (12) 
where, 
w- transverse displacement, D- flexural rigidity of the plate. 
Boundary conditions of this plate element are selected be 
representative of a shear wall in core of building. 
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FIGURE 03: A plate element with axial compressive load 
According to D‘Alambert‘s principle, (1) can be written as follows 
for the plate element subjected to free vibration: 
 (13) 
where, μ-mass of the element. 
Equation (2) can be solved using a combination of variable 
separation method and Levy‘s Method and the solution can then be 
written as: 
 (14) 
where, 
 
 
 
 
A, B- the constants  
A1, B1, C1 and D1- the vector coefficients 
 
 
 
 
 Equation (4) can be formed considering deflection and rotation 
and the boundary conditions at t=T (at a certain time) of the plate 
element as follows: 
(15) 
where, 
 
 
 
 
 
 
 
 
 
Equation (5) can be formed considering moment, My and shear 
force, Vy of the element: 
 (16) 
where, matrices {F} and [B] are defined below: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Combining (4) and (5), the dynamic stiffness matrix can be formed 
as: 
 (17) 
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where, 
 
Transformation matrix, [T] is employed as follows to establish the 
stiffness matrix based on the global coordinate system: 
(18) 
where, subscript G -the global coordinate system. 
The dynamic stiffness matrix,             of the structure incorporating 
the influence of axial loads can be formed by assembling stiffness 
matrices of the elements considering compatibility of the nodes and 
the equation of free vibration of a structure with the influence of 
the axial forces of elements can be represented as: 
(19) 
where,         -modal vector of the structure. 
Developing and solving the dynamic stiffness matrix for a complex 
structural framing system as presented in Section 3.2 (Example 2) 
is inconvenient. Moragaspitiya, Thambiratnam, Perera and Chan 
(2010) propose a method to quantify axial deformations of column 
elements in structural framing systems using the modified ANSYS 
program, (ANSYS Inc., 2007). This program was further enhanced 
based on the dynamic stiffness matrix presented above to capture 
influence of axial deformation on the modal parameters and 
employed the proposed methodology in this paper. 
2.2 Modal Flexibility of Element 
Modal Flexibility (MF) incorporates both the modal vectors and 
natural frequencies. MF phenomenon is used to develop 
methodology proposed in this paper. Modal Flexibility of an 
element (element x), Fx of a structure can be obtained from 
Adewuyi and Wu (2010). 
 (20) 
where, 
x - the element considered 
r and n - the mode and total number of modes considered 
respectively 
фxr- modal vector of element x for mode r  
Note- Modal Flexibility is inversely proportional to the stiffness 
and фxr is a single entity at element x and hence Fx is a scalar. 
However, (9) is presented in the above format to be compatible 
with expressions in previous publications in the literature. 
(Adewuyi & Wu, 2010; Zhao & Dewolf, 2006). 
Equation (8) highlights that the axial deformations as a result of 
axial forces impact on the modal parameters. MF(s) of the elements 
therefore change due to the axial deformations. Modal Flexibility 
(MF) for an element (element x) with and without the axial load 
can be written as using Equations (10) and (11) respectively. 
(21) 
 (22) 
Vibration based parameter called Stiffness Index (SI) is defined 
through (12) in order to capture influence of axial deformation 
though the modal parameters. This parameter is directly 
proportional to the stiffness reduction which occurs due to the axial 
load. 
 (23) 
This stiffness Index (SI) parameter can be implemented for a 
structure through the procedure demonstrated in the flowchart in 
Fig. 04. 
Structure
Develop Finite Element 
(FE) Model
Free Vibration Analysis
Validate the FE Model
Deploy 
accelerometers
Extract Modal Parameters 
after subjected to known (x) 
load
Apply the (x) load
Improve the model  validation
Extract Modal Parameters
Extract 
Modal 
Parameters
Extract Modal Parameters
Apply the load on the FE Model 
Extract Modal Parameters using 
the modified FE program
Calculate SI 
of the 
elements
Conduct Static Analysis and 
Calculate axial deformations of 
elements   
Develop a database/graphs (SI vs. Axial 
Deformation (AD) for the elements)
When the structure is subjected to unknown loads
STEP: 2
Repeat the 
procedure 
with 
increasing 
the load 
Extract Modal Parameters and 
Calculate SI(s) of the elements  
Use the developed database/graphs
Quantify AD(s) of the elements 
STEP:1
STEP: 3
 
FIGURE 04: The steps of the procedure 
As shown in Step 1 of Fig. 04, Finite Element (FE) model for a 
structure can be developed and validated using modal parameters. 
Secondly, graphs (database) depicting the variation of SI vs. axial 
deformation of each element are developed using the validated FE 
model as demonstrated in Step 2 of Fig. 04 and saved for future 
use. Thirdly (in Step 3 of Fig. 04), when the structure is subjected 
to unknown loads, SI(s) of the elements can be calculated using 
ambient vibration data and used to quantify axial deformation 
through graphs (the database). It is identified that variations of the 
graphs are linear (presented in Section 3.2, Example 2) and hence 
interpolation and or extrapolation methods can be implemented to 
quantify the axial deformations, if SI(s) are known from ambient 
measurements.  
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It is well known that when buildings are subjected to live loads, 
their column elements deform axially in the linear elastic region. 
The main objective of the methodology proposed herein is to 
quantify such axial deformations using vibration characteristics. 
3 VALIDATION AND ILLUSTRATIVE EXAMPLES 
In this section two examples are presented. First example is used to 
study the validation of the modified FE program used by the 
second example, which is employed to examine capabilities of the 
proposed method. 
3.1 Validation- Example 1 
Accuracy of the modified FE program requires examining though 
proactive measurements. This FE program was therefore used to 
develop a model of a plate element treated in an earlier 
experimental study on the influence of axial load on vibration 
characteristics of a plate by (Ilankoi & Dickinsone, 1987). The 
properties of the plate element treated are tabulated in Tab. 01. 
TABLE 01: Properties of the plate element 
Property Numerical value 
Young‘ Modulus (GPa) 207 
Poisson‘s ratio 0.3 
Density (Kgm-3) 7738 
Length (mm) 250 
Height (mm) 300 
thickness(mm) 1 
In the experimental study the vertical plate element had fixed 
boundary conditions at the bottom edge while only the vertical 
translation was allowed at the top. The other two edges were 
simply supported. The load was applied along the 250mm top of 
the plate edge and increased in several steps. The corresponding 
natural frequencies were measured at each load increment. The 
impact of incremental load on the frequency was then investigated 
from the experimental results. More information on the 
experimental testing can be found in the paper presented by 
(Ilankoi & Dickinsone, 1987). The experimental testing was used 
to study both the linear and non-linear behaviour of the plate 
element under the axial compressive loads. However, only the 
results in the linear range were selected to validate the modified FE 
program used in the methodology in this paper due to fact that the 
main objective of the methodology proposed in this paper is to 
quantify the axial deformation in the linear region because of the 
reason mentioned earlier. 
A FE model for the plate element was developed using the 
modified FE program providing the appropriate boundary 
conditions. The axial (or in-plane) loads were applied in a manner 
similar to that in the experiment and the corresponding natural 
frequencies were extracted from the free vibration analysis. The 
results for the natural frequencies are presented and compared in 
Tab. 02. 
The top surface of the plate element was modified to facilitate the 
application of the in-plane or axial loads to the experiment. As the 
dimensions of the modifications to the top surface had not been 
clearly stated, they could not be incorporated into the FE model. 
Furthermore, mechanical systems used in the experimental setup to 
apply simply supported boundary conditions are difficult to 
simulate in the FE analysis due to friction. These may be reasons 
for the small difference between results of the experiment and the 
present study. However, it is evident from Tab. 02 that the error is 
less than 2% highlighting the accuracy of the modified FE program 
used to capture the effects of axial loads and incorporate into 
modal analysis. 
TABLE 02: Comparison of the frequencies between the experiment 
and the present study 
P(N) 
Experimental 
Study 
Frequency(Hz) 
Present Study 
Frequency(Hz) 
Difference 
(%) 
309.4 66.65 66.89 0.36 
618.8 64.27 65.3 1.60 
928.2 62.52 63.37 1.36 
1237.6 57.72 58.12 0.69 
1547 54.96 55.52 1.02 
1856.4 50.32 51.02 1.39 
2165.8 49.43 49.2 -0.47 
3.2 Capabilities of the proposed method- Example 2 
A 3D structural framing system shown in Fig. 05 is selected to 
examine the capabilities of SI defined in the methodology 
developed in this paper. This system is selected to ten levels to 
reduce computational demand used for the analysis and explain the 
methodology conveniently when it is applied to a geometrically 
complex structural framing system. Height of the floor is 4 m. 
Two cores with equal sizes named cores L and R are located in this 
structural system as depicted in Fig 05 so that impact of axial loads 
on the shear walls of these cores can be investigated through the 
defined parameter, Stiffness Index (SI). This framing system also 
comprises the stiff shear walls located at the 7th level (see Fig. 05) 
so that load migration occurs as in a high rise building with 
outrigger and belt systems. Moragaspitiya et al. (2010) reported 
that such a load migration impacts significantly on the axial 
deformations. The material properties of the shear wall elements 
are tabulated in Tab. 03 while their sizes are tabulated in Tab. 04. 
 
 
 
 
 
 
 
 
 
                       (a)                                            (b) 
FIGURE 05: Structural framing system (a) isometric view, and  
(b) plan view. 
In this example, only the behaviour of SIs of shear wall elements of 
cores L and R in the levels 5, 7 and 9 are examined since impact of 
the stiff shear walls on SI can be investigated though the elements 
in the 7th level while behaviour of the elements at below and above 
levels without impact of shear walls can be investigated though the 
elements at the 5th and 9th levels respectively. 
Uniformly distributed loads are applied on slabs in different steps 
as tabulated in Tab. 05 to create different loading steps to simulate 
the structure subjected to gradual load increments. It is examined 
that column elements of this building model deform axially in the 
linear elastic region under these loading steps. The analysis was 
conducted for each loading step using the modified FE program 
and the corresponding modal parameters were extracted while the 
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axial deformations were quantified using static analysis. These 
modal parameters and axial deformations were then used to 
develop graphs which show the variation between SI and axial 
deformation of shear walls of cores L and R in the selected levels. 
The first two modes in u and v directions shown in Fig. 05(b) are 
only used to calculate SI(s) of the elements since it is observed 
from results that percentage of the frequency and modal vector 
change is more pronounced in these two modes than the other 
modes. 
TABLE 03: Material properties of elements 
TABLE 04: Element sizes 
Element Thickness (m)  
Shear walls of the cores 0.25 
Stiff shear walls located at the 7th level 1 
TABLE 05: Applied loads on slabs 
Levels 
 
Loads on slabs (kPa) 
Step 1 Step 2 Step 3 Step 4 
1 to 6 2 2 2 2 
7 and 8 0 2 2 2 
9 and 10 0 0 1 2 
 
               
 
   (a)  
 
               
 
   (b) 
    
              
 
   (c) 
FIGURE 06: variation of stiffness index, SI with the axial deformation 
(a) 5th level, (b) 7th level, and (c) 9th level 
Analysis results demonstrate that behaviours of the modal vectors 
are different from each shear wall element so that this difference 
can be used to capture individual behaviour of the elements under 
the loads through the defined parameter, Stiffness Index (SI). 
Fig. 06 presents the variation between the SI and axial 
deformations of shear walls of cores L and R in the selected levels. 
The first and second letters of the legends refer name of shear wall 
and the level respectively. 
It is evident from Fig. 06 that there is significant difference 
between the variations of SI(s) of the selected elements. This is 
mainly due to the variation of modal vectors of MF since the 
frequency is a property of an entire structural framing system.  
In the 5th level, element L5 is subjected to higher axial deformation 
than element R5 due to the fact that tributary area of element L5 is 
higher than that of element R5. Stiffness change is inversely 
proportional to axial deformation so that variation of SI of element 
L5 is less in comparison to element R5 as shown in Fig. 06(a).  
Because the above reason, variation of SI(s) of element R9 is also 
smaller than that of elements L9 as depicted in Fig. 06(c).  Load 
from element L7 migrates to element R7 through the stiff shear 
walls located between these two elements (see Fig. 05) developing 
low relative axial deformations between elements L7 and R7 and 
hence axial deformation of element R7 is higher compared to that 
of element L7. Consequently, Stiffness Index (SI) reflecting the 
stiffness change of element R7 is low than that of element L7 as 
illustrated in Fig. 06(b). 
Fig. 06 depicts that variation of SI vs. axial deformation is linear 
and hence interpolation and exploration can be applied to quantify 
the axial deformation when the structure is subjected to unknown 
loads, if SI is known from ambient vibration measurements. 
Fig. 06 demonstrates that the defined parameter, SI of an element 
in a structural framing system has an ability to capture the load 
migration and the effects of different tributary areas successfully.  
Moragaspitiya, Thambiratnam, Perera and Chan (2010) presented 
that axial deformations of cores of high rise buildings are more 
pronounced due to the fact that they are subjected to huge loads 
from the upper floors even though these elements are mainly 
designed to carry lateral loads. In addition, Swaddiwudhipong, 
Sidji and Lee (2002) and Swaddiwudhipong, Lee and Zhous (2001) 
highlighted that axial deformations of vertical load bearing 
elements such as core and columns of high rise buildings impact 
significantly on the modal parameters. This confirms that the 
proposed method can be used to quantify axial deformations of 
shear wall elements of cores of high rise buildings successfully. 
This is important as axial deformations and SI(s) of such elements 
are more pronounced than those in medium rise building 
4 CONCLUSION 
Disadvantages of present method used to quantify axial 
deformations of shear wall elements in cores of buildings were 
identified. This paper therefore proposes an innovative method to 
quantify axial deformations such elements using modal parameters 
which can be conveniently obtained using the deployed 
accelerometers. Capabilities of the method such as capturing the 
effects of the magnitudes of axial loads from different tributary 
areas supported by the element and the load migration were 
demonstrated through an illustrative example. The proposed 
method can be implemented to quantify axial deformation of an 
element of a complex structural framing system under gradual 
loadings conveniently than the present methods. 
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Element 
Material Property Numerical 
Value 
Shear walls of 
core 
Density (kgm-3) 2400 
Poisson Ratio 0.18 
Young‘s Modulus (GPa) 30 
stiff shear 
walls 
Density (kgm-3) 2400 
Poisson Ratio 0.18 
Young‘s Modulus (GPa) 45 
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